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Multiterminal Josephson junctions constitute engineered topological systems in arbitrary syn-
thetic dimensions defined by the superconducting phases. Microwave spectroscopy enables the mea-
surement of the quantum geometric tensor, a fundamental quantity describing both the quantum
geometry and the topology of the emergent Andreev bound states in a unified manner. In this work
we propose an experimentally feasible multiterminal setup of N quantum dots connected to N + 1
superconducting leads to study nontrivial topology in terms of the many-body Chern number of the
ground state. Moreover, we generalize the microwave spectroscopy scheme to the multiband case
and show that the elements of the quantum geometric tensor of the noninteracting ground state can
be experimentally accessed from the measurable oscillator strengths at low temperature.
I. INTRODUCTION
The concept of topology plays an important role in
modern branches of theoretical physics by explaining the
quantized nature of certain physical phenomena. The
pursue to find novel types of topologically nontrivial sys-
tems providing quantized observables classified by inte-
gers has created a new research field called topological
band theory [1]. Since then, a huge variety of topological
quantum matter has been predicted and discovered such
as topological insulators [2, 3], topological semimetals [4],
topological superconductors [5], as well as non-Hermitian
(e.g., open/dissipative) topological systems [6]. Out of
these, the superconducting systems are also promising
platforms for topologically protected quantum computa-
tion which relies on non-Abelian exchange statistics, i.e.,
braiding, of Majorana zero modes appearing at the Fermi
energy [7–9] and their appearance was recently verified
experimentally [10]. Furthermore, qubits based on the
Andreev bound states (ABS) appearing inside a Joseph-
son junction have also been proposed [11, 12]. These
bound states can be experimentally accessed and coher-
ently manipulated by microwave [13–16], tunneling [17],
and supercurrent spectroscopy [18] if the junction is em-
bedded in an rf superconducting quantum interference
device (SQUID).
More recently, multiterminal Josephson junctions
(MJJs) consisting of many superconducting terminals
have been theoretically investigated and shown to ex-
hibit topologically nontrivial physics [19–29, 32–34]. In
such multiterminal systems, topology emerges in the syn-
thetic space of superconducting phases and the integer-
valued Chern number can manifest itself in a quan-
tized transconductance between two terminals [22, 24–
31]. The advantage of these systems is that, in princi-
ple, an arbitrary number of synthetic dimensions can be
implemented by simply increasing the number of super-
conducting leads and that building blocks can be con-
ventional materials, although also topological supercon-
ductors hosting Majorana zero modes have been studied
in this context [29–31]. Moreover, it has been recently
suggested to use microwave spectroscopy to measure the
more fundamental quantum geometric tensor of ABS,
which provides both the information about the geome-
try of the state manifold and the topological information
contained in the Berry curvature [32]. While the Chern
number follows directly from the local Berry curvature
by a simple integration, the local metric tensor carries
important information on, for instance, energy fluctua-
tions and the noise spectral function [35, 36], as well as
quantum phase transitions [37] and wave packet dynam-
ics [38–40]. Finally, it is also possible to strongly drive
topologically trivial Josephson systems to eventually gen-
erate nontrivial (Floquet) topology [41, 42].
So far, many experiments to measure quantum geome-
try (i.e., the Berry curvature and/or the quantum metric)
and the related topology have already been successfully
carried out in, e.g., ultracold fermionic atoms [43, 44],
superconducting qubits and qutrits [45, 46], supercon-
ducting transmon qubits [47], superconducting quantum
circuits [48], qubits in NV centers in diamond [49], high-
finesse planar microcavities [50], and coupled fiber loops
[51].
Additional interesting directions are topological
fermion-parity [52] and Cooper-pair pumps [53–58] in
which Weyl singularities in parameter space are respon-
sible for a quantized adiabatic transfer of single charges
(charge 1e) and Cooper pairs (charge 2e), respectively.
Although recently a diffusive three-terminal MJJ in
a double-SQUID configuration has been both experi-
mentally and theoretically investigated on its topologi-
cal real-space properties [59] followed by a detailed theo-
retical study [60], it is still challenging to create MJJs
[17, 61]. Furthermore, despite the fact that first ex-
periments towards ballistic MJJs have been performed
[62, 63], the more general theoretical proposals of MJJs
discussed above are expected to be quite challenging to
realize since the necessary space for experimental con-
trol gates decreases as the number of superconducting
terminals increases. Such circular arrangements of the
ar
X
iv
:2
00
9.
11
76
8v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
24
 Se
p 2
02
0
2FIG. 1. Model of the superconductor-quantum dot chain. The chain consists of N quantum dots (each with onsite energy
εj , j = 1, . . . , N) which are connected to N + 1 s-wave superconducting leads (each with a pairing phase ϕk, k = 0, . . . , N).
The couplings between the quantum dots are wl,l+1 (l = 1, . . . , N − 1), while the couplings between the quantum dots and the
superconducting leads are tj,j−1 and tjj .
terminals will eventually have an adverse effect on the
scalability of these systems.
In this work, we propose a linear design of an MJJ
as an alternative and scalable device to study quantum
geometry and topology in topological Josephson matter.
This setup consists of a chain of quantum dots which are
coupled to superconducting leads, as presented in Fig. 1.
We think that this system is easier to realize and ma-
nipulate in experiments since there is enough space from
below for additional necessary control gates and it could
be implemented with already available ingredients such
as carbon nanotubes or semiconducting nanowires con-
tacted by superconductors [17, 64–68]. Moreover, we ex-
pect that it will be straightforward to extend the length
of the chain and, hence, increase the number of dots and
leads at will. We will show that such a system allows for
the emergence of topologically nontrivial ABS and, there-
fore, represents an ideal platform to experimentally study
quantum geometry and topology. We will also show how
to apply microwave spectroscopy in such multiband sys-
tems to measure the quantum geometry of the noninter-
acting ground state (GS) as a whole, which is important
for (quantized) quantum transport phenomena due to the
collection of occupied single-particle states.
The rest of the paper is organized as follows: In Sec. II,
we introduce and investigate the effective low-energy
Hamiltonian of a linear chain of N dots coupled to N +1
superconductors. We also define the topological invariant
of the many-body GS, i.e., the Chern number, and ana-
lyze the effects of the various parameters of this model
on the topological phases of this system. In Sec. III, we
discuss the application of microwave spectroscopy in such
systems and show that, although the quantum geometry
of the individual ABS is inaccessible at zero tempera-
ture, the GS topology and, more fundamentally, the GS
quantum geometry can be accessed even in the multiband
case. We discuss our findings and conclude our work in
Sec. IV. Further details of derivations can be found in
the Appendices A, B, and C.
II. EFFECTIVE LOW-ENERGY MODEL AND
TOPOLOGY
As described above, we start by considering a lin-
ear chain of N + 1 BCS superconducting leads con-
nected to N quantum dots as shown in Fig. 1. Each
of the quantum dots is spin-degenerate with an onsite
energy εj (j = 1, . . . , N) and each s-wave superconduc-
tor has a pairing potential ∆k with a pairing phase ϕk
(k = 0, . . . , N). The dot j is coupled to two neighbor-
ing superconducting leads j − 1 and j via the hoppings
tj,j−1 and tjj , respectively. To be more general, we in-
clude the effect of a direct tunneling between the dots
without passing through the superconductors, which is
described by a direct coupling wl,l+1 (l = 1, . . . , N − 1)
between the dots l and l+ 1. By integrating out the sub-
system of the superconducting leads and by considering
the limit of large superconducting gaps ∆k →∞, we ob-
tain an effective low-energy Hamiltonian describing the
quantum dots proximity coupled to the superconductors.
The derivation of the effective Hamiltonian of our model
is presented in Appendix A.
The resulting Hamiltonian has the form Heff =
d†Hˆ(N)eff d, where the 2N × 2N block-tridiagonal matrix
Hamiltonian is given by
Hˆ
(N)
eff =

Hˆ1 Vˆ12 0 · · · 0 0
Vˆ12 Hˆ2 Vˆ23 · · · 0 0
0 Vˆ23 Hˆ3 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · HˆN−1 VˆN−1,N
0 0 0 · · · VˆN−1,N HˆN

, (1)
which is written in the basis defined by
the 2N -dimensional Nambu spinor d† =
(d†1↑, d1↓, d
†
2↑, d2↓, . . . , d
†
N↑, dN↓), with d
(†)
jσ being the
annihilation (creation) operator of an electron with spin
σ = ↑, ↓ on the j-th dot. The 2 × 2 Nambu blocks are
given by
Hˆj =
(
εj zj
z∗j −εj
)
, Vˆl,l+1 =
(
wl,l+1 zl,l+1
z∗l,l+1 −wl,l+1
)
, (2)
where the effective local and nonlocal proximity-induced
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FIG. 2. (a) ABS energies εA,−3, . . . , εA,3 (from bottom to top) for N = 3 dots. Energy bands with the same color represent
PH-symmetric ABS with energies εA,±j . Parameters: ε1 = −ε2 = ε3 = −ΓL/2, ϕ0 = 0, ϕ3 = pi, w = 0.2 ΓL, ΓNL = 0.8 ΓL.
(b) Locations of the four Weyl points ϕW ∈ T3 for which εA,±1(ϕW) = 0 for the same parameters as in panel (a). The color
indicates the topological charge the Weyl points. The two blue Weyl points in the ϕ3 = pi plane are visible as zero-energy band
crossings in panel (a). (c) Topological phase diagrams of the ground state Chern number C
(GS)
12 for N = 3 dots for different
values of the direct tunneling w between the dots (columns) as a function of the phase ϕ3. The upper row shows the phase
diagram as a function of the nonlocal coupling ΓNL for fixed ε2 = ΓL/2, while the lower row shows it as a function of the central
dot level ε2 for fixed ΓNL = 0.8 ΓL. All other parameters are the same as in panel (a). The dashed line with blue and red dots
in the phase diagrams for w = 0.2 ΓL mark the locations of the planes with fixed ϕ3 in which the Weyl points of the same color
appear in panel (b).
pairing potentials on the dots are defined as
zj = Γ
(j−1)
j e
iϕj−1 + Γ
(j)
j e
iϕj , (3a)
zl,l+1 = Γ
(l)
l,l+1e
iϕl , (3b)
with Γ
(k)
j = piN0t
2
jk and Γ
(l)
l,l+1 = piN0ptlltl+1,l, respec-
tively. In passing by, we modified the nonlocal pairings
by a dimensionless factor p ∈ [0, 1] motivated by exper-
iments in which typically Γ
(l)
l,l+1 <
√
Γ
(l)
l Γ
(l)
l+1 [66, 67].
This modification allows us to treat the nonlocal cou-
plings as independent parameters from the local ones. In
general, the parameter p modifying the nonlocal coupling
Γ
(l)
l,l+1 depends on the geometrical details of the contact as
well as the coherence length of the Cooper pairs [69, 70].
Finally, as in a system of N + 1 superconducting leads
only N superconducting phases are independent, gauge-
invariance allows us to set one of the superconducting
phases to zero. We will consider ϕ0 = 0 in the fol-
lowing as a reference and the remaining N supercon-
ducting phases ϕ = (ϕ1, . . . , ϕN ) ∈ [0, 2pi)N define an
N -dimensional periodic compact space TN (N -torus) in
analogy to the quasimomenta in a periodic crystal with
a first Brillouin zone.
For N quantum dots coupled to N+1 superconducting
leads in the low-energy limit, there are 2N ABS. Defining
the sets of labels D± = {±1, . . . ,±N} for occupied (D−)
and empty (D+) states at zero temperature, the 2N ABS
|ψn〉 (n ∈ D−∪D+) satisfy Hˆ(N)eff |ψn〉 = εA,n |ψn〉, where
εA,n is the energy of the n-th ABS. In the following, we
will consider the ABS being ordered as εA,−N ≤ . . . ≤
εA,−1 ≤ 0 ≤ εA,1 ≤ . . . ≤ εA,N without loss of generality.
The 2N ABS come in N particle-hole (PH) symmet-
ric pairs and fulfill |ψ−j〉 = P (N) |ψj〉 (j ∈ D+), where
P (N) = i(1 (N)⊗τ2)K is the operator of PH symmetry, K
is complex conjugation, 1 (N) is the N ×N identity ma-
trix, and τ2 is the second Pauli matrix in Nambu space.
Furthermore, the energies of a PH-symmetric pair are
related by εA,−j = −εA,j since P (N) satisfies the anti-
commutation relation {Hˆ(N)eff , P (N)} = 0.
Due to the large number of parameters, we choose
equal local couplings Γ
(k)
j = ΓL, equal nonlocal couplings
Γ
(l)
l,l+1 = ΓNL, and equal interdot couplings wl,l+1 = w
for simplicity. As an example, we show the ABS for
N = 3 dots in Fig. 2(a), which also shows that this
system allows for the appearance of Weyl singularities,
i.e., points of degeneracy ϕW ∈ T3 at which two energy
4bands cross [Fig. 2(b)]. As we will see below, Weyl points
for which εA,±1(ϕW) = 0 are responsible for topological
phase transitions between regions of different values of
the Chern number of the GS of the system.
The superconducting phases ϕ define N synthetic U(1)
gauge fields for which we define gauge connection 1-
forms A(n) = ∑Nα=1 a(n)α dϕα for each of the ABS |ψn〉,
where a
(n)
α = i 〈ψn|∂αψn〉 is the (Abelian) Berry connec-
tion [71] and ∂α ≡ ∂/∂ϕα. The gauge-invariant cur-
vature 2-form F (n) of the n-th single-particle state is
defined as the exterior derivative of A(n), i.e., F (n) =
dA(n) = (1/2)∑Nα,β=1 f (n)αβ dϕα ∧ dϕβ , where f (n)αβ =
∂αa
(n)
β − ∂βa(n)α is the (Abelian) Berry curvature [72].
Finally, the first Chern numbers of an ABS |ψn〉 are cal-
culated as
c
(n)
αβ =
1
2pi
∫ 2pi
0
∫ 2pi
0
f
(n)
αβ dϕα dϕβ , (4)
which are defined by an integration in the (ϕα, ϕβ) sub-
plane of the N -torus TN . Notice that, due to PH
symmetry, we have a
(−j)
α = −a(j)α and, consequently,
f
(−j)
αβ = −f (j)αβ and c(−j)αβ = −c(j)αβ . We use the numerical
algorithm developed by Fukui, Hatsugai, and Suzuki in
Ref. [73] for a stable and gauge-independent calculation
of the Chern numbers.
As shown in Appendix B, the Chern number of the
noninteracting many-body GS is simply given by the sum
of all individual Chern numbers of the occupied single-
particle states, i.e.,
C
(GS)
αβ =
∑
j∈D−
c
(j)
αβ . (5)
Notice that C
(GS)
αβ only changes if there is a zero-energy
crossing between the two PH-symmetric ABS |ψ−1〉 and
|ψ1〉. Although there are of course Weyl points for which
other energy bands cross changing the individual Chern
numbers from, e.g., 0 to ±1, the sum of them entering
C
(GS)
αβ in Eq. (5) will still be unchanged.
In order to obtain topologically nontrivial states in
terms of C
(GS)
αβ , the minimal number of quantum dots
is N = 3 . To analyze and discuss the stability the topo-
logical phases for this case, we show topological phase
diagrams in Fig. 2(c) in terms of the GS Chern number
C
(GS)
12 . We see that there are large and stable regions for
which nontrivial regions of C
(GS)
12 6= 0 appear. This sta-
bility is due to the separation of Weyl points ϕW of dif-
ferent topological charge [Fig. 2(b)]. These Weyl points
move continuously in T3 while the parameters of the sys-
tem are changed, making these regions robust against
small fluctuations. As long as two Weyl points of different
topological charge do not meet and annihilate, topologi-
cal regions will be present. Interestingly, we see that it is
not necessary that the quantum dots are directly coupled
(w = 0) for the Chern number to be nontrivial. For a
small coupling w = 0.2 ΓL we still find topologically non-
trivial regions. Remarkably, a larger interdot coupling of
w = 2 ΓL can also enhance the size of topological regions
in parameter space, although the two regions of finite
Chern number are interchanged. However, if the inter-
dot coupling becomes too strong (w  ΓL, not shown),
topological regions completely disappear since the effect
of the superconductors will be negligible. In addition, we
see that the nonlocal couplings ΓNL can be considerably
smaller than the local couplings ΓL and that there is a lot
of freedom in experimental tunability of, e.g., the central
dot level ε2. For w = 2 ΓL and ΓNL = 0.8 ΓL, ε2 can be
detuned even up to ε2 ≈ −13 ΓL with topological regions
still being present.
III. QUANTUM GEOMETRY AND
MICROWAVE SPECTROSCOPY
The quantum geometry of each ABS |ψn〉 is described
by the quantum geometric tensor (QGT) [74]
q
(n)
αβ = 〈∂αψn| (1− |ψn〉 〈ψn|) |∂βψn〉 =
N∑
m=−N
m6=0,n
q
(nm)
αβ , (6)
with the elements q
(nm)
αβ = 〈∂αψn|ψm〉〈ψm|∂βψn〉 and
again ∂α ≡ ∂/∂ϕα. Furthermore, we obtain the (Fubini-
Study) metric tensor g
(n)
αβ = Re(q
(n)
αβ ) and the Berry cur-
vature f
(n)
αβ = −2 Im(q(n)αβ ) from the real and imaginary
part of the QGT, respectively.
In the following, we aim at applying the method of mi-
crowave spectroscopy described in Ref. [32] in the pres-
ence of more than one nondegenerate pair of ABS. In
general, Eq. (6) implies a priori that we need to mea-
sure all possible nonadiabatic transitions between a cer-
tain state |ψn〉 and all the other states |ψm〉 (n 6= m)
by microwave spectroscopy to construct the QGT of this
particular single-particle state |ψn〉, as sketched in Fig. 3.
We will first describe the general procedure and later dis-
cuss possible experimental difficulties.
On the one hand, in order to measure the diago-
nal elements q
(nm)
αα of the QGT, we need to apply a
small perturbation (A/~ω  1) to one phase ϕα →
ϕα + 2A cos(ωt)/~ω, resulting in the transition (photon
absorption) with a rate Rn→m,αα = rn→m,αα δ(εm−εn−
~ω) with the oscillator strength [32, 75]
rn→m,αα =
2pi
~
A2 q(nm)αα (7)
according to Fermi’s golden rule. On the other hand,
we assume to simultaneously apply two small pertur-
bations, ϕα → ϕα + 2A cos(ωt)/~ω to one phase and
ϕβ → ϕβ + 2A cos(ωt− γ)/~ω to another phase (α 6= β)
with a fixed phase difference γ between the two mod-
ulations, to measure the off-diagonal elements q
(nm)
αβ of
the QGT. The resulting transition rates are R
(γ)
n→m,αβ =
5FIG. 3. Different contributions of the elements q
(1m)
αβ from
other ABS with energies εA,m (m 6= 0, 1) to the QGT q(1)αβ of
the ABS with energy εA,1 according to Eq. (6).
r
(γ)
n→m,αβ δ(εm − εn − ~ω) with the oscillator strength
[32, 75]
r
(γ)
n→m,αβ =
2piA2
~
{
q(nm)αα + q
(nm)
ββ
+ eiγq
(nm)
αβ + e
−iγq(nm)βα
}
, (8)
which now depends on the relative phase difference γ
between the two drives. Details of the derivation of
Eqs. (7) and (8) are presented in Appendix C. By com-
paring Eqs. (7) and (8) with the definition of the QGT
in Eq. (6), we obtain the relations
g(n)αα =
~
2piA2
N∑
m=−N
m6=0,n
rn→m,αα, (9a)
g
(n)
αβ =
~
8piA2
N∑
m=−N
m6=0,n
[
r
(0)
n→m,αβ − r(pi)n→m,αβ
]
, (9b)
f
(n)
αβ =
~
4piA2
N∑
m=−N
m6=0,n
[
r
(pi/2)
n→m,αβ − r(−pi/2)n→m,αβ
]
. (9c)
This allows us to measure the metric tensor by linear mi-
crowave spectroscopy, i.e., modulating one phase or two
phases with γ = 0, pi, while the Berry curvature follows
from circular microwave spectroscopy, i.e., modulating
two phases with γ = ±pi/2.
Although this seems to be straightforward to imple-
ment, the experimental difficulty at very low tempera-
ture is to measure the transitions between two occupied
or two empty states, respectively. To overcome this ob-
stacle, one could either perform the experiment at suf-
ficiently high temperatures, for which previously filled
(empty) states get partially depopulated (populated), or
one could use pulses to empty/fill a certain state before
measuring the transition.
Fortunately, for low-temperature quantum transport,
the experimentally relevant quantity is the QGT of the
many-body GS which, in the noninteracting case, can be
constructed from the elements in Eq. (9), as shown in Ap-
pendix C. The resulting many-body Berry curvature and
metric tensor of the GS, F
(GS)
αβ and G
(GS)
αβ , respectively,
are still accessible via microwave spectroscopy even at
zero temperature and the result simply reads
G(GS)αα =
~
2piA2
∑
j∈D−
∑
k∈D+
rj→k,αα, (10a)
G
(GS)
αβ =
~
8piA2
∑
j∈D−
∑
k∈D+
(r
(0)
j→k,αβ − r(pi)j→k,αβ), (10b)
F
(GS)
αβ =
~
4piA2
∑
j∈D−
∑
k∈D+
(
r
(pi/2)
j→k,αβ − r(−pi/2)j→k,αβ
)
, (10c)
which shows that, indeed, only transitions from occupied
(D−) to empty states (D+) are needed. Both the GS
Berry curvature and the GS metric tensor can therefore
be simply obtained from all the experimentally accessible
transitions by using microwave spectroscopy. In Fig. 4,
we show, as an example of Eq. (10), the metric tensor
and the Berry curvature of the GS for N = 3 dots in the
topological region for ϕ3 = 0.4pi in which we find a Chern
number C
(GS)
12 = −1 [cf. Fig. 2(c)]. A local measurement
of the elements of the QGT by microwave spectroscopy
will not only reveal the topological phase in terms of
the Chern number by integrating the Berry curvature,
it is also possible to locate Weyl points in phase space
TN for which zero-energy states are expected. In fact,
Fig. 4 shows that there are regions where the elements of
the QGT are significantly different from zero, signaling
the location of a Weyl point. In fact, the Weyl point
is located at ϕW/pi ≈ (1.603, 0.781, 0.384), with the ϕ1
and ϕ2 coordinates indicated in the plots. While possible
zero-energy states might be useful on its own, let us recall
here that the Chern number will be responsible for a
quantized transconductance across two terminals [22].
IV. DISCUSSION AND CONCLUSION
In this work we have proposed an experimentally fea-
sible system consisting of a linear chain of N quantum
dots connected to N + 1 s-wave superconducting leads,
as shown in Fig. 1. This linear setup does not require
a direct connection between the different superconduct-
ing terminals, as opposed to the system considered in
Ref. [32], which might take a lot of engineering effort
to realize in practice. We have derived an effective low-
energy Hamiltonian of the chain, presented in Eq. (1),
60 1 2 0 1 2
0
1
2
0
1
2
≤ -5 0 ≥ 5
FIG. 4. Ground state metric tensor G
(GS)
12 and Berry curva-
ture F
(GS)
12 for N = 3 dots at ϕ3 = 0.4pi in the topological
phase with C
(GS)
12 = −1 [cf. Fig. 2(c)]. The elements of the
QGT are strongly peaked for values of ϕ close to a Weyl point.
The coordinates of the Weyl point indicated in this plot are
ϕW = (ϕW,1, ϕW,2, ϕW,3) ≈ (1.603, 0.781, 0.384)pi [cf. lower
red dot in Fig. 2(b)]. The visible range of values of the ele-
ments of the QGT has been limited from −5 to +5 to make
the overall structure for small values visible. In fact, the val-
ues of the elements of the QGT at the point (ϕW,1, ϕW,2)
are exceeding ±800. Parameters: ΓNL = 0.8 ΓL, w = 0.2 ΓL,
ε1 = −ε2 = ε3 = −ΓL/2, ϕ0 = 0.
which reveals large topological regions in terms of the
integer-valued Chern number and, therefore, leaves large
experimental freedom for the concrete values of the var-
ious system parameters to study quantum geometry and
topology in the synthetic space of N independent super-
conducting phases [cf. Fig. 2]. In particular, as discussed
in Fig. 2(c), it is also not necessary for the dots to be di-
rectly coupled (w = 0) and it turns out that a larger value
of the direct coupling can even lead to an enhancement of
the robustness of the topological phase (w = 2 ΓL). We
furthermore believe that this or similar engineered sys-
tems also provide useful and easily scalable condensed-
matter realizations to study higher-dimensional topolog-
ical invariants such as, e.g., higher-dimensional Chern
numbers [76–87] or the so-called Dixmier-Douady invari-
ants [88–92], since the synthetic dimension N of the space
of superconducting phases TN scales with the number of
superconducting leads which can be, in principle, arbi-
trary.
Moreover, we have worked out the insightful connec-
tion between the QGT of single-particle ABS and the
QGT of the corresponding noninteracting many-body
GS. At this point we want to stress that this connec-
tion is relevant to any physical system hosting multiple
energy bands. As only the geometrical property of the
GS is of particular importance for low-temperature ex-
periments, we have shown that, although the QGT of
an individual ABS cannot be accessed without further
preparation, the QGT of the GS as a whole as presented
in Eq. (10) is still accessible by microwave spectroscopy
from the oscillator strengths of multiple absorption lines.
In this regard, we have generalized the previously dis-
cussed application of microwave spectroscopy to measure
the QGT of topological Josephson matter in Ref. [32] to
the case of the presence of multiple ABS. We emphasize
that this method provides an alternative way to measure
the GS topology beyond the already mentioned transcon-
ductance measurements originally proposed in Ref. [22].
Furthermore, microwave spectroscopy provides a tool to
gain access to the local QGT and makes it possible to
localize the position of zero-energy states through the
measurement of Weyl points in phase space [cf. Fig. 4].
Since it is based on quantum dots, our system provides
an ideal starting point to study the effect of Coulomb
interactions on the geometry and topology of the GS.
Futhermore, it may be relevant for concrete experiments
to study the effect of a finite superconducting gap, which
can be of the order of the tunneling [66, 67], and the influ-
ence of the continuum [28, 93] on the quantum geometry
of the GS, which is not captured in our low-energy theory
at infinite gap. Finally, the general role of a finite tem-
perature and dissipation on both quantum geometry and
topology remains an open question, both theoretically
and experimentally [94–96], and it will be interesting to
apply these concepts to the proposed system in the fu-
ture.
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Appendix A: Effective Hamiltonian for N dots
Here, we derive the effective Hamiltonian of N dots
connected toN+1 superconducting terminals as sketched
in Fig. 1. Due to the inclusion of superconductivity, we
start by defining a set of Pauli matrices (τ1, τ2, τ3) in
Nambu space. The starting Hamiltonian reads
H = HD +HS +HDS. (A1)
The N dots and their couplings are described by HD =
d†HˆDd , where the 2N×2N matrix Hamiltonian is given
7by
HˆD =

ε1 w12 0 · · · 0 0
w12 ε2 w23 · · · 0 0
0 w23 ε3 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · εN−1 wN−1,N
0 0 0 · · · wN−1,N εN
⊗ τ3
(A2)
with εj being the onsite energy of dot j, wj,j+1 being
the hopping energy between dots j and j + 1, and d† =
(d†1↑, d1↓, d
†
2↑, d2↓, . . . , d
†
N↑, dN↓) is the Nambu spinor con-
sisting of electronic annihilation (creation) operators d
(†)
jσ
of spin σ =↑, ↓ on dot j.
The Hamiltonian describing the N + 1 BCS super-
conducting leads reads HS =
∑
k c
†
kHˆS,kck, with c
†
k =
(c†0k↑, c0(−k)↓, c
†
1k↑, c1(−k)↓, . . . , c
†
Nk↑, cN(−k)↓, ) contain-
ing electronic annihilation (creation) operators c
(†)
jkσ of
quasimomentum k and spin σ in lead j, and the 2(N +
1)× 2(N + 1) diagonal matrix Hamiltonian
HˆS,k = diag(HˆS,0k, HˆS,1k, . . . , HˆS,Nk). (A3)
Here, HˆS,jk = ξjkτ3 + ∆je
iϕjτ3τ1, where ∆j and ϕj are
the superconducting pairing potential and phase, respec-
tively, and ξjk is the normal state dispersion in each lead.
Finally, the coupling between the dots and neighboring
superconducting leads is given by
HDS =
∑
k
(d†VˆDSck + h.c.), (A4)
with the 2N × 2(N + 1) matrix coupling
VˆDS =

t10 t11 0 0 · · · 0 0
0 t21 t22 0 · · · 0 0
0 0 t32 t33 · · · 0 0
...
...
...
...
. . .
...
...
0 0 0 0 · · · tN,N−1 tNN
⊗ τ3 (A5)
and the hopping energy tjk between dot j and lead k.
We use the Green’s function (GF) technique to derive
an effective Hamiltonian of the subsystem of the dots.
From gˆS,jk = (ε− HˆS,jk)−1, we find the 2× 2 GF of the
j-th lead as
gˆS,jk =
ε− ξjk + ∆jeiϕjτ3τ1
ε2 − ξ2jk −∆2j
. (A6)
Since the dots and hoppings do not depend on quasi-
momentum k, we sum over all quasimomenta and define
gˆS,j =
∑
k gˆS,jk. Turning the summation into an energy
integration in the wide-band limit via
∑
k → N0
∫
dξjk,
with N0 being the normal state density of states at the
Fermi energy, we obtain
gˆS,j = −piN0 ε+ ∆je
iϕjτ3τ1√
∆2j − ε2
∆j→∞−→ −piN0eiϕjτ3τ1, (A7)
where we assume that the pairing potentials are larger
than all relevant energy scales. Finally, the bare 2(N +
1)× 2(N + 1) matrix GF of the subsystem of the super-
conducting leads is given by the diagonal matrix
gˆS = diag(gˆS,0, . . . , gˆS,N ), (A8)
written in the basis c† = (c†0, . . . , c
†
N ) =
∑
k c
†
k.
Formally, the bare 2N×2N matrix GF of the dots with
their couplings is given by gˆD = (ε−HˆD)−1. The explicit
form of gˆD is not needed for the following derivation.
We define an effective matrix Hamiltonian Hˆ
(N)
eff from
the dressed GF of the 2N × 2N dot subsystem, i.e.,
GˆD = (ε − Hˆ(N)eff )−1, which is the solution of the Dyson
equation GˆD = gˆD + gˆDΣˆDGˆD, with the self-energy
ΣˆD = VˆDS gˆS Vˆ
†
DS. Using the formal definition of gˆD, we
obtain the solution Hˆ
(N)
eff = HˆD +ΣˆD which describes the
dots proximity coupled to the superconductors. Finally,
the effective low-energy Hamiltonian is
Heff = d
†Hˆ(N)eff d = HD +HLP +HNLP, (A9)
with the local and nonlocal pairings (LP and NLP) orig-
inating from the self-energy ΣˆD given by
HLP =
N∑
j=1
d†j
(
Γ
(j−1)
j e
iϕj−1τ3 + Γ
(j)
jj e
iϕjτ3
)
τ1dj ,
(A10a)
HNLP =
N−1∑
j=1
Γ
(j)
j,j+1 (d
†
je
iϕjτ3τ1dj+1 + d
†
j+1e
iϕjτ3τ1dj),
(A10b)
with Γ
(k)
j = piN0t
2
jk, Γ
(k)
j,j+1 = piN0tjktj+1,k and the local
Nambu spinors d†j = (d
†
j↑, dj↓). Eq. (A9), together with
Eq. (A10), represents the effective Hamiltonian presented
in Eq. (1) in Sec. II of the main text.
Appendix B: Quantum geometry of general
fermionic n-particle many-body states
For n ∈ N, let |ψj〉, j ∈ {1, . . . , n}, be single-particle
states with their individual single-particle quantum geo-
metric tensors (QGTs)
q
(j)
αβ = 〈∂αψj | (1− |ψj〉 〈ψj |) |∂βψj〉 , (B1)
their Berry curvatures f
(j)
αβ = −2 Im(q(j)αβ) and their
(Fubini-Study) metric tensors g
(j)
αβ = Re(q
(j)
αβ). The dif-
ferent single-particle states shall be orthonormalized, i.e.,
〈ψj |ψk〉 = δjk. Furthermore, let
|Ψn〉 = 1√
n!
∑
P
(−1)p P
[
|ψ1〉 ⊗ · · · ⊗ |ψn〉
]
(B2)
8be the corresponding general antisymmetric many-body
fermionic state, in which we sum over all n! different
permutations with the permutation operator P and the
number of transpositions p of a particular permutation.
How are the single-particle QGTs related to the corre-
sponding many-body QGT
Q
(n)
αβ = 〈∂αΨn| (1− |Ψn〉 〈Ψn|) |∂βΨn〉 (B3)
and, in particular, what are the corresponding relations
to the many-body Berry curvature F
(n)
αβ = −2 Im(Q(n)αβ )
and the metric tensor G
(n)
αβ = Re(Q
(n)
αβ ) of the n-particle
state |Ψn〉?
After a lengthy but straightforward calculation, the
final result reads
G
(n)
αβ =
n∑
j=1
g
(j)
αβ −
n∑
j,k=1
j 6=k
〈∂αψj |ψk〉 〈ψk|∂βψj〉 , (B4a)
F
(n)
αβ =
n∑
j=1
f
(j)
αβ . (B4b)
While the result for the metric tensor reveals a nontrivial
and less intuitive relation, the result for the Berry curva-
ture can be understood more intuitively and matches the
expected result. On an intuitive level, suppose that the
single-particle states acquire the Berry phases φj accord-
ing to |ψj〉 7→ eiφj |ψj〉 after a cyclic evolution in param-
eter space [71]. Then, the evolution of the corresponding
many-body state results in
|Ψn〉 7→ eiΦn |Ψn〉 (B5)
according to the definition in Eq. (B2), where the Berry
phase Φn =
∑n
j=1 φj is the sum of the individual Berry
phases φj . This directly translates to the Berry curvature
by means of Stokes’ integral theorem.
As a direct consequence of Eq. (B4b), the Chern num-
ber of the many-body GS is simply given by the sum of all
individual Chern numbers of the occupied single-particle
states as expected, i.e.,
C
(GS)
αβ =
n∑
j=1
c
(j)
αβ , (B6)
which is also the result presented in Eq. (5) in Sec. II of
the main text.
Appendix C: Microwave spectroscopy of the
quantum geometry of the many-body ground state
For the diagonal elements, q
(n)
αα = g
(n)
αα , we need
to apply a perturbation to one phase ϕα → ϕα +
2A cos(ωt)/~ω, resulting the transition rate Rn→m,αα =
rn→m,αα δ(εm − εn − ~ω) with the oscillator strength
[32, 75]
rn→m,αα =
2piA2
∣∣〈ψm| (∂αHˆ(N)eff ) |ψn〉∣∣2
~(εm − εn)2 (C1)
according to Fermi’s golden rule. In order to measure
the off-diagonal elements of the QGT q
(n)
αβ for α 6= β, we
need to simultaneously apply the perturbations ϕα →
ϕα + 2A cos(ωt)/~ω and ϕβ → ϕβ + 2A cos(ωt − γ)/~ω
with a phase difference γ, resulting in the transition rates
R
(γ)
n→m,αβ = r
(γ)
n→m,αβ δ(εm − εn − ~ω) with the oscillator
strength [32, 75]
r
(γ)
n→m,αβ =
2piA2
∣∣〈ψm| (∂αHˆ(N)eff + eiγ∂βHˆ(N)eff ) |ψn〉∣∣2
~(εm − εn)2
(C2)
according to Fermi’s golden rule. Notice that r
(γ)
n→m,αβ =
r
(−γ)
m→n,αβ by definition. Using the identities
〈∂αψn|ψm〉 = −〈ψn|∂αψm〉, (C3a)
〈ψn|(∂αHˆ(N)eff )|ψm〉 = (εn − εm)〈∂αψn|ψm〉, (C3b)
for n 6= m, we obtain
rn→m,αα =
2piA2
~
q(nm)αα , (C4a)
r
(γ)
n→m,αβ =
2piA2
~
{
q(nm)αα + q
(nm)
ββ
+ eiγq
(nm)
αβ + e
−iγq(nm)βα
}
. (C4b)
which are exactly Eqs. (7) and (8) as presented in Sec. III
of the main text. Finally, for α 6= β, this yields the useful
identities
Re(q
(nm)
αβ ) =
~
8piA2
(r
(0)
n→m,αβ − r(pi)n→m,αβ), (C5a)
Im(q
(nm)
αβ ) = −
~
8piA2
(
r
(pi/2)
n→m,αβ − r(−pi/2)n→m,αβ
)
. (C5b)
At zero temperature, the many-body ground state is
given by an (antisymmetric) combination of all N oc-
cupied single-particle states up to the Fermi energy, as
generally defined in Eq. (B2). We now use the gen-
eral result in Eq. (B4) to relate the measured oscillator
strengths from microwave spectroscopy to the Berry cur-
vature F
(GS)
αβ and the metric tensor G
(GS)
αβ of the ground
state.
9For the Berry curvature, we obtain
F
(GS)
αβ
(B4b)
=
−1∑
j=−N
f
(j)
αβ
(6)
= −2
−1∑
j=−N
N∑
k=−N
k 6=0,j
Im(q
(jk)
αβ )
(C5b)
=
~
4piA2
−1∑
j=−N
N∑
k=−N
k 6=0,j
(
r
(pi/2)
j→k,αβ − r(−pi/2)j→k,αβ
)
=
~
4piA2
[ −1∑
j,k=−N
k 6=j
(
r
(pi/2)
j→k,αβ − r(−pi/2)j→k,αβ
)
︸ ︷︷ ︸
= 0, Eq. (C2)
+
−1∑
j=−N
N∑
k=1
(
r
(pi/2)
j→k,αβ − r(−pi/2)j→k,αβ
)]
=
~
4piA2
−1∑
j=−N
N∑
k=1
(
r
(pi/2)
j→k,αβ − r(−pi/2)j→k,αβ
)
, (C6)
which is the one presented in Eq. (10c) in Sec. III of the
main text.
For the metric tensor, we obtain
G
(GS)
αβ
(B4a)
=
−1∑
j=−N
g
(j)
αβ −
−1∑
j,k=−N
j 6=k
〈∂αψj |ψk〉 〈ψk|∂βψj〉
(6)
=
−1∑
j=−N
N∑
k=−N
k 6=0,j
Re(q
(jk)
αβ )−
−1∑
j,k=−N
k 6=j
q
(jk)
αβ
=
−1∑
j=−N
N∑
k=−N
k 6=0,j
Re(q
(jk)
αβ )−
1
2
−1∑
j,k=−N
k 6=j
(q
(jk)
αβ + q
(kj)
αβ )︸ ︷︷ ︸
2 Re(q
(jk)
αβ )
=
−1∑
j=−N
N∑
k=1
Re(q
(jk)
αβ ) . (C7)
In both cases we see that we only need to measure tran-
sitions between occupied and empty states. Finally, we
get for the diagonal and off-diagonal elements
G(GS)αα
(C4a)
=
~
2piA2
−1∑
j=−N
N∑
k=1
rj→k,αα , (C8a)
G
(GS)
αβ
(C5a)
=
~
8piA2
−1∑
j=−N
N∑
k=1
(r
(0)
j→k,αβ − r(pi)j→k,αβ) , (C8b)
which are the relations presented in Eqs. (10a) and (10b),
respectively, in Sec. III of the main text.
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